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Abstract 

p ^ Spaces of differential forms over configuration spaces with Poisson mea- 

sures are constructed. The corresponding Laplacians (of Bochner and de 
Rham type) on 1-forms and associated semigroups are considered. Their 
probabilistic interpretation is given. 



Stochastic differential geometry of infinite-dimensional manifolds has been a very 



1 Introduction 
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active topic of research in recent times. One of the important and intriguing prob- 
lems discussed concerns the construction of spaces of differential forms over such 
manifolds and the study of the corresponding Laplace operators and associated 
(stochastic) cohomologies. A central role in this framework is played by the concept 
of the Dirichlet operator of a different iable measure, which is actually an infinite- 
dimensional generalization of the Laplace-Beltrami operator on functions, respec- 
tively the Laplace-Witten-de Rham operator on differential forms. The study of 
the latter operator and the associated semigroup on finite-dimensional manifolds was 
the subject of many works, and it leads to deep results on the border of stochastic 
analysis, differential geometry and topology, and mathematical physics, see, e.g., 
[22], [19], [23]. Dirichlet forms on Clifford algebras were considered in [26]. In an 
infinite-dimensional situation, such questions were discussed in the flat case in [11], 
[12], [13], [4]. A regularized heat semigroup on differential forms over the infinite- 
dimensional torus was studied in [15]. A study of such questions on general infinite 
product manifolds was given in [2], [3]. The case of loop spaces was considered in 
[28], [30]. 

At the same time, there is a growing interest in geometry and analysis on Poisson 
spaces, i.e., on spaces of locally finite configurations in non-compact manifolds, 
equipped with Poisson measures. In [5], [6], [7], an approach to these spaces as 
to infinite-dimensional manifolds was initiated. This approach was motivated by 
the connection of such spaces with the theory of representations of diffeomorphism 
groups, see [25], [36], [27] (these references and [7], [9] also contain discussion of 



relations with quantum physics). We refer the reader to [8], [9], [35], and references 
therein for further discussion of analysis on Poisson spaces and applications. 

In the present work, we develop this point of view. We define spaces of dif- 
ferential forms over Poisson spaces. Next, we define and study Laplace operators 
acting in the spaces of 1-forms. We show, in particular, that the corresponding de 
Rham Laplacian can be expressed in terms of the Dirichlet operator on functions 
on the Poisson space and the Witten Laplacian on the initial manifold associated 
with the intensity of the corresponding Poisson measure. We give a probabilistic 
interpretation and investigate some properties of the associated semigroups. Let us 
remark that the study of Laplacians on n-forms by our methods is also possible, but 
it leads to more complicated constructions. It will be given in a forthcoming paper. 
The main general aim of our approach is to develop a framework which extends to 
Poisson spaces (as infinite-dimensional manifolds) the finite-dimensional Hodge-de 
Rham theory. 

A different approach to the construction of differential forms and related ob- 
jects over Poisson spaces, based on the "transfer principle" from Wiener spaces, is 
proposed in [34], see also [32] and [33]. 

2 Differential forms over configuration spaces 

The aim of this section is to define differential forms over configuration spaces (as 
infinite-dimensional manifold). First, we recall some known facts and definitions 
concerning "manifold-like" structures and functional calculus on these spaces. 

2.1 Functional calculus on configuration spaces 

Our presentation in this subsection is based on [7], however for later use in the 
present paper we give a different description of some objects and results occurring 
in [7]. 

Let X be a complete, connected, oriented, C°° (non-compact) Riemannian man- 
ifold of dimension d. We denote by (•, •).£ the corresponding inner product in the 
tangent space T X X to X at a point x G X. The associated norm will be denoted by 
| • \ x . Let also V x stand for the gradient on X. 

The configuration space T x over X is defined as the set of all locally finite subsets 
(configurations) in X: 

Fx '■= { 7 C X | |7 fl A| < oo for each compact A C X } . 

Here, \A\ denotes the cardinality of the set A. 

We can identify any 7 e T x with the positive integer-valued Radon measure 

J2^ x cM(X), 
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where e x is the Dirac measure with mass at x, ^2 xe0 £ x :=zero measure, and A4(X) 
denotes the set of all positive Radon measures on the Borel a-algebra B(X). The 
space T x is endowed with the relative topology as a subset of the space M(X) with 
the vague topology, i.e., the weakest topology on T x such that all maps 

rx37^(/,7> := / /(x)7W^/(.) 

are continuous. Here, / G Co(X)(:=the set of all continuous functions on X with 
compact support). Let B(T X ) denote the corresponding Borel a-algebra. 

Following [7] , we define the tangent space to T x at a point 7 as the Hilbert space 

T 7 r x :=L 2 (X^TX;rf 7 ), 

or equivalently 

T 7 ri = 0u. (i) 

The scalar product and the norm in T^Y X will be denoted by (•, «) 7 and ||»|| , 

respectively. Thus, each 1^(7) G T 1 Y X has the form 1^(7) = (V^)^^, where 
1/(7), G T X X, and 

l|v( 7 )ll? = £|v( 7 ),|*. 

Let 7 G T x and x G 7. By ljX we will denote an arbitrary open neighborhood 
of x in X such that the intersection of the closure of 7)X in X with 7 \ {x} is the 
empty set. For any fixed finite subconfiguration {x±, . . . ,Xk} C 7, we will always 
consider open neighborhoods 7;X1 , . . . , 7;Xfc with disjoint closures. 

Now, for a measurable function F: T x — > R, 7 G Tx, and {27, . . . C 7, we 
define a function -F xl ,..., Xfc (7, •) : 7X1 x • • • x 1>Xk — > R by 

<9 7)X1 x ••• x C 7)Xfc 9 (y l7 ...,y k ) ^F Xl; ... ;Xfc (7,yi,...,y fe ) : = 

= F(( 7 \K..,x i })U{y 1 ,..,yJ)el 

Since we will be interested only in the local behavior of the function i 71 xl ,..., Xfc (7, •) 
around the point (27, . . . , we will not write explicitly which neighborhoods 7 , Xi 
we use. 

Definition 1 We say that a function F : T x — » M 1 is differentiable at 7 G Tx if for 
each x G 7 the function F x (7, •) is differentiable at x and 

V r F( 7 ) = (V r F( 7 ),), e7 G T 7 r x , 

where 

V r F( 7 ) x := V x F x ( 7 ,a;). 
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We will call V r F(7) the gradient of F at 7. 

For a function F differentiable at 7 and a vector 1^(7) G T 1 Y Xl the directional 
derivative of F at the point 7 along 1^(7) is defined by 

V^F(7):=(V r F(7),\/(7)) 7 . 

In what follows, we will also use the shorthand notation 

VfF( 7 ):=V^( 7 ,x), (2) 

so that V r F(7) = (V*F(7)) xey . It is easy to see that the operation V r satisfies 
the usual properties of differentiation, including the Leibniz rule. 

We define a class FC™(Tx) of smooth cylinder functions on T x as follows: 

Definition 2 A measurable bounded function F : T x — > IR 1 belongs to FC^iTx) 
iff: 

(i) there exists a compact Acl such that ^(7) = F(^ A ) for all 7 G T x , where 
7a := 7 n A; 

(ii) for any 7 G T x and {27, . . . ,Xk} C 7, fc G N, the function -F xl ,..., Xfc (7, •) is 
infinitely differentiable with derivatives uniformly bounded in 7 and 27, . . . , Xk (i.e., 
the majorizing constant depends only on the order of differentiation but not on the 
specific choice of 7 G T x , k G N, and {27, . . . , Xk} C 7). 

Let us note that, for F G J-C™(r x ), only a finite number of coordinates of 
V r F(7) are not equal to zero, and so V r F(7) G T 1 T X . Thus, each F G J r C^'(T x ) 
is differentiable at any point 7 G T x in the sense of Definition 1. 

Remark 1 In [7], the authors introduced the class JFC£°(D, T x ) of functions on T x 
of the form 

Hi) =9f(((Pi,i) ,---,( ( PN,l)), (3) 

where g F G C™(R N ) and </?i, . . . , ip N G P := C °°(X)(:= the set of all C°°-functions 
on X with compact support). Evidently, we have the inclusion 

FC?(v,r x )crc£(r x ), 

and moreover, the gradient of F of the form (3) in the sense of Definition 1, 

N „ 

V r F( 7 ), = 7), • • • , 7)) V x ^(x), 

i=l 1 

coincides with the gradient of this function in the sense of [7]. 
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2.2 Tensor bundles and cylinder forms over configuration 
spaces 

Our next aim is to introduce differential forms on Tx- 

Vector fields and first order differential forms on Fx will be identified with sec- 
tions of the bundle TYx- Higher order differential forms will be identified with 
sections of tensor bundles A n (TT x ) with fibers 

A n (T 7 r x ) = A n (L 2 (X -> TX; 7)), 

where A n (H) (or H An ) stands for the n-th antisymmetric tensor power of a Hilbert 
space H. In what follows, we will use different representations of this space. Because 
of (1), we have 

A n (T,T x ) = A n (($T x x\ (4) 

Let us introduce the factor space X n /S n , where S n is the permutation group of 
{1, . . . , n} which naturally acts on X n : 

a(x l , ...,x n ) = (x CT( i), . . . ,x CT(n) ), a G S n . 

The space X n /S n consists of equivalence classes [27, . . . ,x n ] and we will denote by 
[27, . . . , x n ]d an equivalence class [27, . . . , x n ] such that the equality 
Xi k can hold only for k < d points. (In other words, any equivalence class [xi, . . . , x n ] 
is a multiple configuration in X, while [x±, . . . ,x n ]d is a multiple configuration with 
multiplicity of points < d.) We will omit the lower index d in the case where n < d. 
In what follows, instead of writing [xi, . . . , xj,; : {x±, . . . , x n } C 7, we will use the 
shortened notation [27, . . . ,x n ]d C 7, though [27, . . . ,x n ]d is not, of course, a set. 
We then have from (4): 

A"(T 7 r x )= T Xl XAT X2 XA---AT Xn X, (5) 

[xi,...,x n ] d cy 

since for each a e S n the spaces T X1 X A T X2 X A • • ■ A T Xn X and T x X A T Xiy{2) X A 
■ ■ ■ A T r , ,X coincide. 

Thus, under a differential form u of order n, n e N, over Tx, we will understand 
the mapping 

T x 3 7 >-> w(t) e A n (T 7 r x ). 

We denote by w(7)[xi,...,x n ] d the corresponding component in the decomposition (5). 
In particular, in the case n = 1, a 1-form V over Tx is given by the mapping 

Tx 3 7 ~ ^(7) = (V( 7 )x)xer e T 7^- 
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For fixed 7 G Tx and x G 7, we consider the mapping 

7> * 3?/^ wx(i,y) ■= w(7y) e A n (T 7i/ r x ), 

where 7 y := (7 \ {x}) U {y}, which is a section of the Hilbert bundle 

A n (T ly F x ) » y € (6) 

over C? 7)X . The Levi-Civita connection on TX generates in a natural way a connec- 
tion on this bundle. We denote by the corresponding covariant derivative, and 
use the notation 

Vfcu( 7 ) := V^( 7 ,x) G T X X <g> (A n (T 7 r x )) 

if the section ^(7, •) is differentiable at x. Analogously, we denote by the 
corresponding Bochner Laplacian associated with the volume measure m on (D 7)X 
(see subsec. 3.2 where the notion of Bochner Laplacian is recalled). 

Similarly, for a fixed 7 G Tx and {xi, . . . , x n } C 7, we define a mapping 

7)X1 x • • • x 1;Xn 3 (yi, . . . , y n ) i-> w Xl ,..., Xn (7, yi, . . . , y n ) := 

^(7,,.,JeA"(T 7si J,), 

where 7 2/1 ,..., JM := (7 \ {27, . . . , x n }) U {yi, . . . , y n }, which is a section of the Hilbert 
bundle 

A n (T lyi _ yn F x ) - (yi, ...,y n )e 0^ X1 x • • • x 7 , x „ (7) 

over 7iXl x • • • x (9 7jXn . 

Let us remark that, for any 77 C 7, the space A n (T r? rx) can be identified in a 
natural way with a subspace of A n (T 7 Fx). In this sense, we will use expressions of 
the type a; (7) = w(r)) without additional explanations. 

A set jFfi™ of smooth cylinder n-forms over Tx will be defined as follows. 

Definition 3 jFfi™ is the set of n-forms u over Tx which satisfy the following con- 
ditions: 

(i) there exists a compact A = A (a;) C X such that 0^(7) = w(7a); 

(ii) for each 7 G T x and {27, x n } C 7, the section 0J xl ,...,x n {l-> •) of the bun- 
dle (7) is infinitely differentiable at (27, . . . , x n ), and bounded together with the 
derivatives uniformly in 7. 

Remark 2 For each uj G jFfi™, 7 G Tx, and any open bounded A D A(cj), we can 
define the form on 7iXl x • • • x 7iXn by 

wa i7 (j/i, • • • , ^) = Proj A n (Tj/iXe ... eIWX) w(7 \ {27, . . . , x n } U {yi, . . . , yj), (8) 

where {27, . . . ,x n } — 7 D A. The item (ii) of Definition 3 is obviously equivalent 
to the assumption u>a^ to be smooth and bounded together with the derivatives 
uniformly in 7 (for some A and consequently for any A D A(u;)). 
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Definition 4 We define the covariant derivative V r c<j of the form 00 G J r Q n as the 
mapping 

r x 3 7 ^ v^( 7 ) := (V^( 7 ))x £7 e T 7 r x ® (A"(T 7 r x )) 

if for all 7 G Tx and 167 the form 0^(7, •) is different iable at a; and the V r o;(7) 
just defined indeed belongs to T 7 r x <8> (A n (T 7 r x )). 

Remark 3 For each u G J r ® n , the covariant derivative V r w exists, and moreover 
only a finite number of the coordinates V T uj{j) x ^ xl> ^ >Xr ^ d in the decomposition 

T 7 r x ® ( A n (T 7 r x )) = T X X ® (T X1 X A • • • A T X „X) 

2:67, [xi,...,x„]dC7 

are not equal to zero. 

Proposition 1 For arbitrary 00^,00^ G TW 1 , we have 

V r (a;( 1 )(7),a;( 2 )(7)) A .(T 7 r x ) = 

= (V r c( 1 )(7),c( 2 )(7)) A .(T 7 r x) + (c«( 7 ), V r c( 2 )( 7 )) A .(T 7 r x) . 

Proof. We have, for any fixed 7 G Tx and rr G 7, 

V* (c«(7),c( 2 )(7)) A .(T 7 r x) = Vf(c«( 7 ,a;),4 2) (7 ) x)) A . (T7 r x ) 
= (V^( 1 )(7),c( 2 )(7)) A , ( T 7 r x ) + (c«( 7 ), V^( 2 )(7)) A , ( T 7 r x ), 

because of the usual properties of the covariant derivative V*. ■ 
2.3 Square integrable forms 

In this subsection, we will consider spaces of forms over the configuration space T x 
which are square integrable with respect to a Poisson measure. 

Let m be the volume measure on X, let p : X — > K. be a measurable function such 
that p > m-a.e., and p 1 / 2 G H^(X), and define the measure o~(dx) := p(rr) m(dx). 
Here, H^(X) denotes the local Sobolev space of order 1 in L 2 oc (X;m). Then, <r is 
a non- atomic Radon measure on X. 

Let 7r a stand for the Poisson measure on Tx with intensity a. This measure is 
characterized by its Fourier transform 

/ 7r CT (d 7 ) = exp / (e l/ ^ - 1) a(dx), f G C (X). 
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Let F G L 1 (T X ; 7t<t) be cylindrical, that is, there exits a compact Acl such that 
F{^f) = F(7a). Then, one has the following formula, which we will use many times: 

/ F{ 1 )u u {d 1 ) = e^y j -! F({x 1 ,...,x n })a(dx 1 )---a(dx n ). (9) 

Since the measure a is non-atomic, the sets {(x±, . . . ,x n ) G A" : X; = Xj}, i,j = 
1, . . . , n, i ^ j, have zero a(dxi) ■ ■ ■ cr(dx n ) measure, and therefore the expression on 
the right hand side of (9) is well-defined. 

We define on the set J r Q, n the L 2 -scalar product with respect to the Poisson 
measure: 

MV (2) )l|^:= / {^{ 1 )^{ 1 )) AnTiTx n a {d 1 ). (10) 

As easily seen, for each uj e J-£l n , the function (a; (7), oo('y)) A n T ^ Tx is polynomi- 
ally bounded on T x , and therefore it belongs to all Lffix; 7r CT ), p > 1. Moreover, 
(u,u)u2 fin > if u; is not identically zero. Hence, we can define the Hilbert space 

Lln n :=L 2 (T x ^A n TT x ;ir a ) 

as the closure of J r £l n in the norm generated by the scalar product (10). 

From now on, we consider the case of 1-forms only and suppose that dimX > 2. 
We give another description of the spaces L 2 fl 1 . Let us recall the following well- 
known result (Mecke identity, see e.g. [29]): 

f [ f( 1 ,x) 1 (dx)7r(d 1 )= [ [ f( 1 U{x},x)a(dx)7r a (d 1 ) (11) 

JTx JX JTx J X 

for any measurable bounded / : T x x X — > M 1 . 
Let us introduce the notations 

L 2 a Q\X) := L\X -> TX; a), L\ a (T x ) := L 2 (T X -> R 1 ; 

Proposition 2 The space L^il 1 is isomorphic to the space L% (T x ) <8> L 2 fl 1 (X) 
with the isomorphism F given by the formula 

(i l v)( 1 ,x)-.= v( 1 u{x}) x , ie r x ,xex. (12) 

Proof. Let us specify the scalar product of two cylinder 1-forms V, W G jFfi 1 . We 
have: 

(W,V) Li ^= [ (W(7),V(7)) 7 7r„(d7) 
Jt x 
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= / / W7)*,V( 7 )x> 7 7(dz)Md7) 

= [ [ (f^UW^^U^^T^f,^), 
</r x ji 

because 7U{a;} = 7 for 167. The application of the Mecke identity to the function 

/( 7l x) = (n7U{x})^(7U{x}),) 7 

shows that 

(W : V) L2 nl = / / (V( 7 U {*})„ W( 7 U {x})*> 7 ff (dx) 7r CT (rf 7 ). 

The space is, by definition, dense in L% Q 1 , and so it remains only to show 
that J^JFQ 1 ) is dense in Ll a (T x ) <g> L 2 a Q} (X)°. 

For F G ^"C~(r x ), and v G (the set of smooth 1-forms on X with 

compact support), we define a form V( 7 ) = (V( 7 ) x )xe7 by setting 

l/(7) i: ^(7\WH4 (13) 

Evidently, we have V G Ffl 1 , and 

(7 1 V)( 7 ,x) = F( 7 )i/(x) (14) 

for each 7 and any x ^ 7. Since each 7 G Tx is a subset of X of zero m measure, 
we conclude from (14) that 

I 1 V = F®v. (15) 

Noting that the linear span of such F®v is dense in L% (T x ) ®L 2 a .Q}{X), we obtain 
the result. ■ 

In what follows, we will denote by T>Vl l the linear span of forms V defined by 
(13). As we already noticed in the proof of Proposition 2, VQ 1 C FVL 1 and is dense 
in Ll Q 1 . 

Corollary 1 We have the unitary isomorphism 

1 : Lin 1 -> Exp (L 2 (X; a)) <g> L^pT) 

gwen by 

1= (U®1)I\ 

where U is the unitary isomorphism between the Poisson space 1% (Fx) and the 
symmetric Fock space Exp (L 2 (X; a)), see e.g. [7]. 
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3 Dirichlet operators on differential forms over 
configuration spaces 

In this section, we introduce Dirichlet operators associated with the Poisson measure 
on T x which act in the space L% Q 1 . These operators generalize the notions of 
Bochner and de Rham-Witten Laplacians on finite dimensional manifolds. 

In the two first subsections, we recall some known facts and definitions concern- 
ing Dirichlet operators of Poisson measures on configuration spaces and Laplace 
operators on differential forms over finite-dimensional manifolds. 

3.1 The intrinsic Dirichlet operator on functions 

In this subsection, we recall some theorems from [7] which concern the intrinsic 
Dirichlet operator in the space L% (T x ), to be used later. 

Let us recall that the logarithmic derivative of the measure a is given by the 
vector field 

X 3 x » (3 a {x) := G T X X 

(where as usual f3 a := on {p = 0}). We wish now to define the notion of logarithmic 
derivative of the Poisson measure, and for this we need a generalization of the notion 
of vector field. 

For each 7 G Tx, consider the triple 

T lt oo^x ^ T y Fx 3 T l T X - 

Here, T 7i0 rx consists of all finite sequences from T^Tx, and T 7:OQ Tx '■= (T^^Tx)' is 
the dual space, which consists of all sequences V(t) = (V"(7)x)xe7i where V(^) x G 
T X X. The pairing between any ^(7) G T lt00 Y x and v (7) G T 7j0 Px with respect to 
the zero space TjT x is given by 

(n7)X7)> T = E^)-^)*>* 

(the series is, in fact, finite). From now on, under a vector field over Tx we will 
understand mappings of the form Tx 9 7^ ^(7) G T ly00 Tx- 

The logarithmic derivative of the Poisson measure n a is defined as the vector 
field 

T x 3 7 ^ B*M = (P<t(x)) x ^ G T 7)00 r x (16) 

(i.e., the logarithmic derivative of the Poisson measure is the lifting of the logarithmic 
derivative of the underlying measure) . 

The following theorem is a version of Theorem 3.1 in [7] (for more general classes 
of functions and vector fields). 
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Theorem 1 (Integration by parts formula on the Poisson space) 

For arbitrary E J^C^iYx) and a smooth cylinder vector field V £ !FV{Tx) 

(:= jFfi 1 ), we have 

[ V v v F {l \ 1 )F { - 2 \ 1 )n (7 {d 1 ) = - f F( 1 )( 7 )V^ 2 )( 7 )vr (7 (rf7) 
Jv x Jy x 

- [ F^\ 1 )F^( 1 )[(B 7T M,V( 1 )), / + dW r V( 1 )]n (T (d 1 ), 

JVx 

where the divergence div r I^( 7 ) of the vector field V is given by 
chW( 7 ) = ^divf y( 7 ) = (divf V( 7 ),7>, 

divf y( 7 ) :=div x K( 7 ,x), xG 7 , 

div x denoting the divergence on X with respect to the volume measure in. 

Proof. The theorem follows from formula (9) and the usual integration by parts 
formula on the space L 2 (A n , a® n ) (see also the proof of Theorem 3 below). ■ 

Following [7], we consider the intrinsic pre-Dirichlet form on the Poisson space 
S^{F {1 \F^)= [ (V^^V^ 2 )^)),^) (17) 

with domain D(S n(T ) := J r C^ > (Tx)- By using the fact that the measure 7r CT has all 
moments finite, one can show that the expression (17) is well-defined. 

Let H a denote the Dirichlet operator in the space L 2 (X;a) associated to the 
pre-Dirichlet form 

S a {<p,i>) = [ (X7 x cp(x),V x iP(x)) x cr(dx), <p,i> E V. 
Jx 

This operator acts as follows: 

H a ip{x) = -A x ip(x) - (p a (x), V x <p(x)) x , <peV, 

where A x := div x V x is the Laplace-Beltrami operator on X . 
Then, by using Theorem 1, one gets 

s^\F^)=j H^F*\i)F*\i)* {di), fW,f& erc?(r x ). (18) 

Here, the intrinsic Dirichlet operator H n<r is given by 

H^F(l) ■ = E^ F W = (^,.^(7), 7), 
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H a , x F(~f) : = HaFxfr, x), x G 7, 



(19) 



so that the operator H n<T is the lifting to L^iTx'-, 7r<r) of the operator in L 2 (X; cr). 

Upon (18), the pre-Dirichlet form £ n<r is closable, and we preserve the notation 
for the closure of this form. 

Theorem 2 [7] Suppose that (H a ,T>) is essentially self-adjoint on L 2 (X;a). Then, 
the operator H na is essentially self-adjoint on FC^iTx)- 

Remark 4 This theorem was proved in [7], Theorem 5.3. (We have already men- 
tioned in Remark 1 that the inclusion FC™{V,T X ) C FC™\t x ) holds.) We would 
like to stress that this result is based on the theorem which says that the image of 
the operator H^ a under the isomorphism U between the Poisson space and the Fock 
space Exp (L 2 (X; cx))over L 2 (X; a) is the differential second quantization dExpH a 
of the operator H a . 

Remark 5 In what follows, we will always assume that the conditions of the the- 
orem are satisfied. It is true e.g. in the case where H/^Htx G -^foc^! ") f° r some 
p > dim X, see [7] . 

Finally, we mention the important fact that the diffusion process which is prop- 
erly associated with the Dirichlet form (S n<T , D(£ na )) is the usual independent infinite 
particle process (or distorted Brownian motion), cf. [7]. 



3.2 Laplacians on differential forms over finite-dimensional 
manifolds 

We recall now some facts on the Bochner and de Rham-Witten Laplacians on dif- 
ferential forms over a finite-dimensional manifold. 

Let M be a Riemannian manifold equipped with the measure fi(dx) = e^^dx, 
dx being the volume measure and a C^-function on M. We consider a Hilbert 
bundle 

H x i-> x G M 

over M equipped with a smooth connection, and denote by V the corresponding 
covariant derivative in the spaces of sections of this bundle. Let L 2 (M 7i; fi) be 
the space of /i-square integrable sections. The operator 

H B ■= V*V 

in L 2 [M — > H] /i), where V* is the adjoint of V, will be called the Bochner Laplacian 
associated with the measure \i. Differentiability of ji implies that V* V is a uniquely 
defined self-adjoint operator. One can easily write the corresponding differential 
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expression on the space of twice differentiable sections. In the case where = and 
7i x = A n (T x M), we obtain the classical Bochner Laplacian on differential forms (see 
[19]). 

Now, let d be the exterior differential in spaces of differential forms over M. The 
operator 

H*:=d;d + dd; 

acting in the space of yU-square integrable forms, where <i* is the adjoint of d, will 
be called the de Rham Laplacian associated with the measure // (or the Witten 
Laplacian associated with 0, see [19]). 

The relation of the Bochner and de Rham-Witten Laplacians on differential 
forms is given by the Weitzenbock formula, which in the case of 1-forms has the 
following form (see [19], [22]): 

H*u(x) = H*u{x) + R tl (x)u(x), 

where 

R,(x) :=R(x)-V x f3,(x). (20) 
Here, R(x) £ C(T X M) is the usual Weitzenbock correction term: 

dimM 

R(x) := RiCij(x)a*aj, 

where Ric is the Ricci tensor on X, and a* and aj are the creation and annihilation 
operators, respectively. 

3.3 Bochner Laplacian on 1-forms over the Poisson space 

Let us consider the pre-Dirichlet form 

Sl(WW,W^)= [ (V r H/( 1 )(7),V r H/( 2 )( 7 ))T 7 r^T 7 r x vr (7 (rf 7 ), (21) 

where W^,W^ £ FQ 1 . Again using the fact that 7r a has finite moments, one 
shows that the function under the sign of integral in (21) is integrable with respect 
to 7r CT . 

Theorem 3 For any W {1 \ W {2) £ FQ 1 , we have 

e&wvwv) = ! «^)( 7 ),^ 2 )( 7 )> Mrf 7 ), 
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where is the operator in the space L^Q 1 given by 

H»W = -A r W - <V r ^, £Ut)> 7 , W e m l . (22) 

Here, 

A r ^( 7 ) := J2 A^W( 7 ) = (A>(7), 7> , (23) 

where A* is the Bochner Laplacian of the bundle T ly Y x l—> y £ ^ e volume 

measure. 

Proof. Let us fix W^ 1 ), W^ 2 ) e JFfi 1 . Let A be an open bounded set in X such that 
A(WW) C A, A(W^) C A. Then, by using (9), 

/ (V r ^%), ^ r W^) Tjrx ^ rx 7r ff (d 7 ) = 

oo „ A; 

= e " CT(A) Erf / E< v ^ (1) ({^.-^*}). 

fc =o jAfe i=l 

Vj W (2) ({a^, . . . , a: fc })>r B .x®r {Bli ... iISfc} r x ^(^i) • • • ^fe) 

oo 1 fc „ 

= e " CT(A) E^E / (a^^,...,^}) 

k=0 K - i= i -/A* 

+ (V5f«({x 1) ..,x fc }) ) ^( Ii )) v , 
W (2) ({a;i, . . . , z fe })) T{xi ,..., Xfc} r x <r(dxi) • • • a(rfx fc ) 

= / (^^ (1) (7),^ (2) (7))T 7 r x vr CT (rf 7 ). ■ 

Remark 6 We can rewrite the action of the operator in the two following 
forms: 

1) We have from (22) and (23) that 

H?Wfr) = Y^Hv^il) = <lf£W(7),7> , W{i) G ^ (24) 

where 

#£W(7) : = - A ^^(7) " <Vf W( 7 ), (25) 

Thus, the operator is the lifting of the Bochner Laplacian on X with the 
measure a. 
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2) As easily seen, the operator preserves the space FQ 1 , and we can always 
take A(H£ W) = A(W). Then for any open bounded A D A(W) 



«W)a, 7 = H» Anj W A ,„ (26) 

where H^ An is the Bochner Laplacian of the manifold X An "' := x xeAni X x , 
X x = X, with the product measure <r An7 := t&xeAny&x, °~x = cr (cf. (8)). 

It follows from Theorem 3 that the pre-Dirichlet form S^ a is closable in the space 
L% Q 1 . The generator of its closure (being actually the Friedrichs extension of the 
operator , for which we will use the same notation) will be called the Bochner 
Laplacian on 1-forms over Fx corresponding to the Poisson measure 7r CT . 

For operators A and B acting in Hilbert spaces H and /C, respectively, we intro- 
duce the operator A EH B in H (g) /C by 

AEB.B:=A<g)l + l<g).B. 

Proposition 3 1) On VVL 1 we have 

l'Hl = (H na mH*) I\ (27) 

2) Vfl 1 is a domain of essential self-adjointness of H% . 

Proof. 1) Let W G Vtt 1 . Then, for some F G FC£(r x ), to G Qq(X), and any 
7 G Tx, z G 7, y G C^, we have 



Wx(7,y)i 

Thus 



F(( 7 \{x,4)U{y})o;(z), z^y, 
F(7\{ 2 })M, z = x. 



Formula (27) follows now from (24) and (14). 

2) The statement follows from (27) and the essential self-adjointness of H Wa on 
jFCj^(rx) (Theorem 2) and if J 3 on ^q(A) (the latter fact can be shown by standard 
methods similar to [21], [22]) by the theory of operators admitting separation of 
variables [16, Ch.6]. ■ 



We give also a Fock space representation of the operator . Corollary 1 implies 



the following 
Corollary 2 We have 

TH^T' 1 = d Exp H a EE! if*, 

cf. Remark 4. 
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3.4 De Rham Laplacian on 1-forms over the Poisson space 

We define the linear operator 

<f : FVL 1 -> Ftt 2 

by 

(d r W)( 7 ):=v^AS(V^( 7 )), (28) 

where AS : (T 7 Fx)® 2 — > (T 7 Fx) A2 is the antisymmetrization operator. It follows 
from this definition that 

(d F W)( 1 ) = J2^W)( 1 ), (29) 

where 

(^)(7): = E rfX (^(^^) 

= J]v / 2AS(V^(7 ) 4) (30) 

with AS : T X X ® T^JT — >■ T^X A T y X being again the antisymmetrization. This 
implies that we have indeed the inclusion d r W G FVl 2 for each W G FQ 1 . 

Suppose that, for W G FQ 1 , 7 G 7x, and x, y G 7, the 1-form W x (7, •) J/ has, in 
local coordinates on the manifold X, the following form: 

W x (-y,*) y =u(m)h, u: J:X — > R, /i G T y . (31) 

Then, we have 

AS(V X W^( 7 , x) y ) = V x u(x) A h, (32) 

which, upon (30), describes the action of d x . 

Let us consider d T as an operator acting from the space L^Q 1 into L^Q 2 . 
Analogously to the proof of Theorem 3, we get the following formula for the adjoint 
operator (0^)* restricted to Ftt 2 : 

(4J*^(7) = £«J*^(7), W e ™\ (33) 

where 

«J*^(7) = J2K^ W ^ x h,vV (34) 

Suppose that, in local coordinates on the manifold X, the form W x (», *)[ x , y ] has the 
representation 

W*(7, •)[*,»] = w(«)/ii A /i 2 , C 7j:e -> R, he T X X, h 2 G T y X. (35) 



16 



Then, taking to notice (32), one concludes that 

«x)*(Wx(7^)[x )1/ ]) = [{(V x w(x),h 1 ) x + w(x)((3 a (x),h 1 ) x ) h 2 

- Kv ((V X w(x), h 2 ) x + w(x)(p a (x), h 2 ) x ) h ± ] . (36) 

Here, 

1, if x = y, 
0, otherwise. 

In what follows, we will suppose for simplicity that the function p is infinite 
differentiable on X and p(x) > for all x £ X. Then, by (33)-(36) 

We set also 

<F : FC£{T X ) -> .H) 1 , <f := V r . (37) 

Evidently, the restriction to .7T2 1 of the adjoint of d r considered as an operator 
acting from L% a (Tx) into L^Q 1 is given by 

(cfj* : m l - FC?{T X \ (t)T( T ) = -div r \/( 7 ) - (\/( 7 ),^ CT (7)) 7 . (38) 
For ra G N, we define the pre-Dirichlet form S^ a by 

£*(WV,WW):= [ [(<fW^),<fW^)) A ^ rx) 

+ («J*^ (1) (7), (C)^ (2) (7)>r 7 r x ] 7r,(d 7 ), 

where e D(£*) := FSl 1 . 

The next theorem follows easily from (28)-(38). 

Theorem 4 For any € jFfi 1 , we /jave 

^(W«,W«)= / (^W(7) (1) (7), ^(7) (2) ) 7 vr CT (rf 7 ). 

ifere, 

h« ■= <f{dly + «j*d r , d{hD ■.= m\ 

is an operator in the space 1% Q 1 . It can be represented as follows: 

H*W(j) = J2 H **W(l) = W( 7 ), 7 >, (39) 

xe-y 

where 

Ht=^K x y + K x yd x x - ( 4 o) 
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From Theorem 4 we conclude that the pre-Dirichlet form is closable in the 
space L% Q 1 . 

The generator of its closure (being actually the Friedrichs extension of the op- 
erator , for which we will use the same notation) will be called the de Rham 
Laplacian on Fx corresponding to the Poisson measure 7r a . By (39) and (40), 
is the lifting of the de Rham Laplacian on X with measure a. 

Remark 7 Similarly to (26), the operator preserves the space FQ 1 , and we 
can always take A(H^ W) = A(W). Then for any open bounded A D A(W), we 
have 

«W0 A , 7 = H« Anj W A , 7 , (41) 

where H^ An is the de Rham Laplacian of the manifold X An "' with the product 
measure <r An7 . 

Proposition 4 1) On Vil 1 we have 

I 1 Hi = (H„ a ffl H?) I\ (42) 

2) Vfl 1 is a domain of essential self-adjointness of . 

Proof. 1) The proof is similar to that of (27). It is only necessary to note that, for 
a "constant" 1-form W such that W{^) x = v(x), we have evidently {H^wi^fj) = 
H^uj(x). 

2) The proof is similar to that of the corresponding statement for the Bochner 
Laplacian H^. ■ 

Remark 8 By similar methods, one can define Bochner and de Rham Laplacians 
on n-forms over T X - An extension to this case of formulas (27) and (42) will have, 
however, a more complicated form. 

3.5 Weitzenbock formula on the Poisson space 

In this section, we will derive a generalization of the Weitzenbock formula to the case 
of the Poisson measure on the configuration space. In other words, we will derive a 
formula which gives a relation between the Bochner and de Rham Laplacians. We 
assume that the Weitzenbock correction term R a (x) G £(T X X) (cf. (20)) is bounded 
uniformly in x G X. 

Given an operator field 

J(x) G C{T X X) (43) 

on X (with J(x) bounded uniformly in x G X), we define the "diagonal" operator 
field 

rx37^J(7)e£(T 7 r x ), (44) 

using the decomposition (1). Thus, we can define the operator field R CT (7). 
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Theorem 5 (Weitzenbock formula on the Poisson space) We have, for each 



Proof. Let us fix W G jFfi 1 and 7 G Tx- Let A C X be an open bounded set such 
that A D A(W) (cf. Definition 3), and let 1)Xl x • • • x C? 7jXfc and be as in 

Remark 2. We have then, according to (26) and (41), 



and the Weitzenbock formula for the manifold X A ° 7 and the measure a An7 implies 
that 

H a,k^ W Ki(y^ • • • , 2/fc) = Ha,An-y W ^(yi> ■■■,Vk) + R(yi, VkW^y^ ...,y k ), 

where the correction term R(yi, . . . ,yk) G £(T( yiv .. )2/fc )JT An7 ) is equal to the restric- 
tion of Rail) to the space Ti yij „^ yk \X Kni (considered as a subspace of T^Tx), which 
is well-defined because of the "diagonal" character of R CT ( 7 ). It is now enough to re- 
mark that the forms H^ W and H^W are completely defined by the corresponding 
forms (H^W)a^ and (H%W)h a , respectively ■ 

We can give also an intrinsic description of the correction term R™( 7 ). To this 
end, for each fixed 7 G T x , we define the operator R(j) : T^^T X — > T 7i0 rx as follows: 



it>( 7 , x)(V(>y) y ) := 5x,j, ]T Ri %(^)^ Wr)*,^)*, V( 7 ) G T 7i0 r x . (46) 



Here, {ej}1j =1 is again a fixed orthonormal basis in the space T X X considered as a 
subspace of T^Tx- 
Next, we note that 



w g m\ 



H?Wfr) = HlWfr) + R,(7)^(7). 



(45) 



i2( 7 ):=J]i2(7,a;), 



V r J B 7rCT ( 7 ) = (V^( 7 )) x67 = (V^(S Wff ( 7 ) w )) x>l ,ey 



Hence, for any V( 7 ) G T 7)0 rx, 



V^(7): = (V r S Wff ( 7 ),V( 7 )> 



7 
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= ((V x p a (x), 7(7),),)^ G T 7 , r x . (47) 

Thus, V v B 1Ta (7) determines the linear operator in T 7j0 rx given by 

T 7 , r x 9 V( 7 ) -> V r ^ CT (7)V( 7 ) := V£B Wa ( 7 ) G T 7i0 r x . 

Proposition 5 VFe Ziaue 

IM7M7) = ^(7)^(7) - V r I^ CT ( 7 )W( 7 ). 

Proof. The proposition is derived from the definition of R CT and formulas (47) and 
(46). ■ 

4 Probabilistic representations of the Bochner and 
de Rham Laplacians 

Let £ x (t) be the Brownian motion with the drift (3 a on X started at a point x G X. 
We suppose the following: 

• for each x, the process £ x (t) has an infinite life-time; 

• the semigroup 

T (t)f(x):=Ef(Ut)) 

acting in the space of bounded measurable functions on X can be extended to 
a strongly continuous semigroup of contractions in L 2 (X; a), and its generator 
Hq is essentially self-adjoint on the space V (in this case H = —H a ). 

It follows from the general theory of stochastic differential equations that these 
assumptions are satisfied if e.g. /3 a G C£(X — > TX). 

We denote by £ 7 (i) the corresponding independent particle process on Yx which 
starts at a point 7, 

£ 7 (t) = (£x(£))x€7- 

Let 

T (t)F( 7 ):=EF(e 7 (t)) (48) 

be the corresponding semigroup in the space of measurable bounded functions on 
Y x . It is shown in [7], that it can be extended to a strongly continuous semigroup 
in Ll a {T x ) with the generator H = -H Va on FC£(T X ). 

Given the operator field (43), which is supposed to be continuous and symmetric 
(i.e., J{x) = J(x)*), we define the operator 

Pl(t):T Mt) T x ^T,T x (49) 
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by setting 

(PiW)* = (Pi(t))*v ut) , v e T Mt) r x , 

where the operator 

(Pl(t)y : T Ut) X -> T X X 
is adjoint (w.r.t. the Riemannian structure of X) of the parallel translation 

Pl(t) : T X X T Ut) X 

along £ x (t) with potential J. That is, i](t) = P^(t)h satisfies the SDE 

j tV (t) = J(r)(t)), r)(0) = h, (50) 

where £ is the covariant differentiation along the paths of the process £ (see [22]). 
It is known that 

where C is the supremum of the spectrum of J(x). This implies obviously the similar 
estimate for P| : 

||P£(*)||<e* c . (51) 
Let us define a semigroup Tf (t) associated with the process £ 7 and potential J. 

Definition 5 For V G JFfi 1 , we set 

Tf(f)V( 7 ) :=EPl(t)Vfo(t)). 

Let T/(t) be the semigroup acting in L^f2 x (X) as 

T?(t)u(x) :=EPl(tyv(Ut))- 
The following result describes the structure and properties of the semigroup Tf(t). 

Proposition 6 1) Tf (t) satisfies the estimate 

||T?(On 7 )|| 7 <e* C ToW||y(7)|| 7 . (52) 

2) Under the action of the isomorphism I 1 , Tf(t) obtains the following form: 

I^iit) = T (t)®T?(t) I 1 . (53) 

3) T^(t) extends to a strongly continuous semigroup in L% Q 1 . 
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Proof. 1) The result follows from formula (51). 

2) Let V G VQ 1 be given by (13). By the definition of Tf (t) and the construction 
of the process £ 7 , we have 

Ti(t)V( 1 ) = EPl(t)V^(t)) 

and 

(Tf (t)V(7))x = EF(£ 7 (0 \ {&(*)})P*(*)M&(*)) 

= EF(C 7 (0 \ {&(*)}) Ee, 

= T (t)F(>y\{x})TJ(t)v(x), 

meaning the expectation w.r.t. the process £ x (i), from where the result follows. 

3) The result follows from the corresponding results for semigroups T (t) and 
Tf(t), which are well-known (see [7] resp. [22]). ■ 

Let Hf and H( be the generators of Tj(t) and T/(t), respectively. 

Now we give probabilistic representations of the semigroups T^(t) and T^(t) 
associated with operators and , respectively. We set J = 0, Ji(x) = R a {x) 
(cf. (20)). Let us remark that Pj!°{t) = P^ x (t) is the parallel translation of 1-forms 
along the path £ x , and we have H(° = and H? 1 = -H? on fiJ(X). We have 

the following 

Theorem 6 1) For W G VQ l , we have 

H*W = -Hi°W, H*W = -H?W. (54) 

2) As L 2 -semigroups, 

0) = Tf>(f), 72(0=Tj 1 (0- (55) 

3) The semigroups (t) and (t) satisfy the estimates: 

\\TZW(l)\U<T (t)\\V(l)\U 

and 

KWWh <e* c ToW||y( 7 )|| 7 . 
Proof. 1) It follows directly from the decomposition (53) that, on Vil 1 , we have 

I 1 Hi = (H EH H() I 1 . (56) 

Setting J = Jq and J — J\ and comparing (27) and (56), we obtain the result. 

2) The statement follows from (54) and the essential self-adjointness of H% and 
on VQ 1 by applying Proposition 6, 3), with J = J and J — J ± , respectively. 

3) The result follows from (55) and (52). ■ 
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